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Abstract 


The  report  falls  Into  six  sections  together  with 
five  appendices.  The  work  reported  in  each  of  the 
first  five  sections  is  described  in  detail  in  the 
corresponding  appendix,  which  takes  the  form  of  a  paper 
accepted  for  publication  by  a  research  periodical. 

The  first  investigation  studies  rotatable 
partitions,  i.e.  those  d-dimensional  partitions  whose 
representations  are  invariant  under  rotation  of  the 
axes  of  coordinates.  If  d  is  a  power  of  a  prime  p, 
the  number  of  irrotatable  partitions  is  divisible  by  p. 
Tfie  number  of  rotatable  partitions  of  small  n  is  small 
and  easily  calculated.  Consequences  include  a 
convenient  check  of  the  total  number  of  partitions  and 
a  simple  proof  of  the  recently  discovered  fact  that 
the  long  conjectured  form  of  the  generating  function 
of  solid  partitions  is  mistaken. 

In  the  sec-  id  section  I  find  a  general  identity 
involving  £ -fu.  ..tions .  Particular  cases  of  this  have 
applications  in  partition  theory. 

The  third  section  introduces  a  new  combinatorial 
idea,  the  n-stack,  gives  generating  functions  for  the 
number  of  n-stacks  under  certain  restrictions  and  under 
no  restrictions  and  finds  asymptotic  values  for  these 
numbers  for  large  n, 

The  fourth  appendix  is  a  short,  semi -expository 
paper  correcting  a  statement  by  another  author  that  a 
particular  problem  in  partition  theory  is  unsolved. 

To  do  this  I  give  a  new  and  simple  derivation  of  the 
behaviour  for  large  n  of  the  number  of  partitions  of  n 
into  just  k  parts.  This  has  a  picturesque 
interpretr *  ton  in  terms  of  railroad  trucks. 
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The  fifth  section  finds  necessary  and  sufficient 
conditions  that  almost  all  graphs  of  a  given  kind  on  n 
unlabelled  nodes  shall  be  connected.  This  condition 
is  closely  related  to  that  found  earlier  for  the 
labelled  case. 

The  sixth  section  reports  preliminary  investigations 
into  the  asymptotic  expansions  of , and  relations  between, 
the  number  Of  connected  and  disconnected  graphs  of  a 
given  kind  on  n  labelled  and  on  n  unlabelled  nodes  when 
n  is  large.  This  work  is  at  present  far  from  complete 
but  looks  promising. 
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The  generating  function  for  the  number  of 
solid  partitions:  rotatable  partitions 


1.  A  linear  partition  of 
a  solution  in  positive  integers 


a  positive  integer 
of  the  equation 


is 


n  — 


(mh  ^  mh+1>  * 


If  p(n)  is  the  number  of  such  partitions,  the  generating 
function  is  easily  seen  to  be 


1 


+ 


oo_ 

H_P(n)Xn 

n-1 


oo  ,  , 

Jln-y*)-1 

k=l 


(see,  for  example,  [12]).  A  plane  partition  is  a 
solution  of 


n  - 


h.iiO 


hi 


(nihi  ^  max(m 


h+1 .  i 


■"h.l+l^* 


If  q(n)  is  the  number  of  such  partitions,  then 


(1.1)  1  +  IZq(n)Xn  -  TTd-Xk)-k, 

n-1  k-1 


as  was  first  proved  by  Macmahon  [14],  His  proof  is 
lengthy  and  Chaundy  [2]  produced  a  simpler  (but  still 
fairly  complicated)  proof. 
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Let  r  (n)  be  the  number  of  solid  partitions,  i.e. 
solutions  of 


a. 2) 


-  r- 


m 


h ,  i,  j 


mhi.1  ^  max(mh4l,i,j 'mh,i+l,  j' 


It  has  long  been  conjectured  (but  without  great 
confidence)  that 


(1.3)  1  +  VIr(n)Xn  -  T~f(l-Xk)"k(k+1)/2. 

n-1  k=l 

Just  before  the  contract  period  opened  Dr  A.O.L.  Atkin 
(then  of  the  Atlas  Computer  Laboratory  at  Chilton, 
Berkshire,  England  and  now  of  the  University  of 
Maryland)  wrote  to  tell  me  that  he  and  others  had 
proved  (1.3)  false,  essentially  by  evaluating  the 
coefficients  of  the  smaller  powers  of  X  on  each  side. 

The  coefficients  agreed  up  to  ,  but  r(6)  ^  140 

6 

while  the  coefficient  oi  X  in  the  product  on  the  right- 
hand  side  of  (1.3)  is  141. 

Atkin  and  his  collaborators  (I.G,  Macdonald  and 
J.  Mackay)  used  a  computer  to  calculate  the  number  of 
d-dimensional  partitions  of  fairly  small  n.  The 
(d+1) -dimensional  partitions  into  unit  parts  correspond 
one-to-one  to  the  d-dimensional  partitions  into  parts 
of  any  size.  I  picked  out  those  partitions  which, 
when  expressed  diogramma t ica 1 ly ,  are  invariable  under 
rotation  of  the  axes  of  coordinates.  1  found  that,  if 
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d  «  p  ,  where  p  In  a  prise,  then  the  number  of 
d-dimensional  partitions  of  any  n  which  are  not 
rotatable  is  divisible  by  p.  Hence  the  total  number 
of  d-dimensional  partitions  of  n  is  congruent  {sod  p) 
to  the  number  of  rotatable  partitions,  For  moderate 
sized  d  the  rotatable  partitions  are  very  few  in 
number  and  easily  identified  and  counted.  For  d  *  3 
and  0*6  there  arc  only  two;  for  d  -  4  and  n  -  6  and 
unit  parts  there  are  none. 

My  result  enabled  me  to  check  (and  find  copying 
errors  in)  a  table  of  numbers  of  partitions  calculated 
on  a  computer  by  mrnr.3  of  a  programme  written  by 
Mackay,  It  also  provides  a  very  short  proof  that  the 
product  on  the  right-hand  side  of  (1,3)  Is  not  the 
generating  function  for  3-dimensional  partitions,.  It 

will  be  observed  that  d  -  pt  or  d  +  1  -  pl  for  every 
d  13,  so  the  result  is  useful  for  all  dimensions  up 
to  13.  The  result  may  yield  information  about  the 
structure  of  the  generating  function  for  r(n). 

My  method  and  results  (including  two  tables)  are 
written  up  in  Appendix  1  to  this  report;  this  has  been 
accepted  for  publication  in  the  Journal  of  the  London 
Mathematical  Society. 

In  [24]  I  found  an  expression  for  <i7(a,b,c),  the 
generating  function  for  the  number  of  solutions  of 
(1,2)  subject  to  the  additional  conditions  that 

■ill  <  “>  "121  «  »'  "211  «  c'  "Ml  -  0 

I  did  a  little  further  work  this  year  trying  to 
determine  ^(a,b,c,d) ,  the  generating  function  for  the 
number  of  solutions  of  (1.2)  subject  to 

“ill  ^  a»  °121  ^  b’  m211  ^  c'  °221  ^  d'  mhil  "  ° 

(h>2  or  i>2) . 
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The  calculations  became  very  complicated.  The  function 
.-T)(a,b,c)  had  been  expressed  (and  1  was  s>  ling  to 
express  (a ,b,c ,d) )  in  terms  of  the  function  §  ,  where 


S'1:  5. 


-n 


(i-xk)_1, 


-  o 


(a>0). 


It  seemed  desirable  to  devote  some  study  to  the  function 

£  and  its  properties  and  relations  and  this  and  its 

& 

consequences  I  describe  in  sections  2,3  and  4.  Other¬ 
wise  I  abandoned  work  on  <*7(&,blc,d)  for  the  present. 
While  I  am  still  sure  that  this  Is  worth  completing  when 
time  permits,  it  seemed  good  policy  to  pursue  the  more 
immediately  rewarding  lines  which  opened  up. 

The  disproof  of  (1.3)  is  not,  in  this  connection, 
a  severe  blow.  The  conjecture  had  long  ceased  to  be  a 
very  plausible  one.  Again  the  correct  form  of  the 
generating  function  for  the  number  of  plane  partitions 
in  (1.1)  has  been  known  for  50  years  but  this  knowledge 
has  so  far  been  of  no  help  whatever  In  finding  a  simple, 
transparent  proof  of  the  result. 
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An  identity  in  5 -functions 


2 ,  We  have 

lim  <1~X>*  la  -  (a:)-1  (a  >0} 
X->1  * 


and  so 

. ^a  ^b  (a+b) ) 

X1B  '  *  "  .  “  f 

X-»l  5  a+b  a|b! 

the  binomial  coefficient  which  iB  also  the  number  of 
combinations  of  a+b  things  taken  a  at  a  time.  There 
is  thus  a  correspondence  between  certain  Identities 
involving  -functions  and  others  involving  binomial 
coefficients . 

I  managed  to  find  the  5  -Identities  corresponding 
to  certain  well-known  identities  in  binomial  coefficients. 
Several  turned  out  to  be  particular  cases  of  the  identity 

(2.D  E*u(u-k)5u5u.k4r.u5s.u«t.u5;^+t_u.k 

^r^r-k^s^s-k^t^t-k 
X  t  t 

3s  +t  ~k  s t  +r  -k  r  +e  -k 
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The  proof  of  this  and  the  deduction  from  it  of  several 
results  for  5  functions  and  for  binomial  coefficients 
(the  last  well-known)  are  given  in  Appendix  2,  which 
has  been  accepted  for  publication  in  the  American 
Mathematical  Monthly. 

There  remains  the  question  of  when  an  identity 
involving  binomial  coefficients  can  be  generalised  to 
one  in.  5 -functions.  (The  converse  question  is  of 
course  trivial).  •  Answers  may  well  be  either  trivial 
or  unobtainable,  but  it  is  just  possible  that  there  may 
be  scue  more  significant  results  obtainable. 


An  example  of  a  well-known  identity  which  does 
not  generalise  is 


/ik+i+t\  /(n-i)  (k+l)\ 


i  ; 


n-i 


;  • 


Taking  n  «■  2,  I  have  proved  that  there  are  no  indices 
such  that 


5  5 

a  2  *k+t 
52k+t+2 


d-x*)  tZ 

i-0 


r  r  55 
*  5i  ik+t  2-i  k(2-i) 

- ^ - . 

ik+i +t-l  (2-i)(k+l) 


Stacks 


3. 

identity 


If  we  put  k  «  1  and  let  e,t  — >  oo 
(2.1)  of  section  2,  we  have 


in  the 


y xu(u-l) 

u 


l  l  -  l 
3u  u-1  r- 


l  l 

r  r-1 ' 


an  identity  which  can  be  proved  quite  simply  directly. 
Attempts  to  interpret  this  in  combinatorial  terms  led 
to  a  study  of  structures  which  I  call  "stack3".  An 
n-stack  is  an  arrangement  of  n  nodes  in  rows  such  that 
no  row  overlaps  the  one  below  it,  thus:- 


I  have  found  the  generating  functions  for 
sr(b,t,n),  the  number  of  stacks  with  n  nodes,  r  rows, 

t  nodes  in  the  top  row  and  b  in  tlie  base  and  for 
various  similar  enumerative  functions.  In  particular, 


(3.1)  X>(n)Xn  -  Hxr5r5r-:L  • 

n  r 
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Moat  o.f  this  was  fairly  straightforward,  but  a  more 
difficult  problem  was  that  of  finding  an  asymptotic 
approximation  for  s(n)  for  large  n,  since  the  form  of 
the  generating  function  on  the  right  of  (3,1)  does  not 
lend  itself  to  the  usual  "circle"  method  of  Hardy  and 
Ramanujan.  However,  first  by  manipulation  of 
generating  functions  and  then  by  an  alternative  direct 
"graphical"  argument,  I  proved  that 


(3.2)  q(n)  -  s(n)  +  s(.,l,n+l), 


where  s(.,l,n+l)  is  the  number  of  (n+1) -stacks  with  a 
.single  node  in  the  top  row  and  q(n)  is  defined  by 

1  +  fq(n)Xn  -  j^fd-X11)"2. 
n=l  k-1 

(This  q(n)  is  different  from  that  of  §1.)  From  (3.2) 
I  could  deduce  that 

q(n-l)  <  2s(n)  <  q(n) . 

The  asymptotic  expansion  of  q(n)  is  known  ([13]  and 
[21])  and  so  we  can  deduce  that 

s(n)  -  8~^(32n®)_^'//^  exp{2ir\/(n/3 ) )  jl+0(n-^)  j  . 

All  this  work  appears  in  Appendix  3,  a  paper  which  has 
been  accepted  for  publication  by  the  Quarterly  Journal 
of  Mathematics. 
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The  reader's  attention  is  drawn  to  the 
"Note  added  at  proof  stage"  at  the  end  of 
Appendix  3  (pp.  71,72).  This  refers  to 
information  received  since  the  end  of  the 
contract  period.  It  shows  that,  while 
another  author  studied  structures  equivalent 
to  my  unrestricted  n-stacks  in  19^1,  his 
results  overlap  minimally  with  mine  and  his 
methods  not  at  all.  There  seems  to  be  some 
possibility  of  applications  in  statistical 
mechanics. 
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Partitions  into  k  parts 


4. 


Let  pk(n)  bo  tho  number  of  partitions  of  n 


into  just  k  parts  and  qk(n)  the  number  into  at  most  k 

parts.  We  have  -  p^(n+k)  so  that  only  one  of 

these  two  functions  need  be  studied.  Again  Xk5^  and 

are  the  generating  functions  of  pk(n)  and  qk(n). 

In  a  recent  article  [3]  on  arrangements,  Collins 
described  the  problem  of  determining  pfc(n)  and  qk(n) 


as  "an  unsolved  problem  in  partitions".  This  is,  of 
course,  nonsense,  as  the  form  of  pk(n)  has  been  studied 

at  length  by  Sylvester  [19].  Glaisher  [8]  and  several 
others  [9,18]  including  me  [20].  But  these  papers  are 
fairly  complicated  and  most  text-books  on  enumeration 
describe  how  to  determine  pk(n)  only  for  the  first  few 

values  of  k.  It  seemed  worthwhile  to  write  a  short 
article  (Appendix  4,  accepted  for  publication  by  the 
Mathematical  Gazette)  showing  how  quite  simple  and 
elementary  methods  of  partial  fractions  give  the  form  of 
Pk(n)  as  a  semi -polynomial  and  also  its  asymptotic  value 

for  large  n.  This  is  perhaps  as  much  exposition  as 
research,  but  probably  worth  doing. 
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Asymptotic  consequences  o £  a  relation  between 
generating  functions ;  applications  to  graph  theory 


5.  In  the  previous  contract  year 
study  of  the  relation 

<5-1)  1  +  '  eXP(i8»X“) 

(which  is  formal  if  the  series  diverge) 
conditions  that 


I  completed  a 


<«n  »  °> 

and  determined 


(5.2) 


G  g 
n  *n 


as  n->  oo.  I  showed  that  the  case  in  which  g_  -  0  for 

n 

an  infinite  sequence  of  n  is  either  trivial  or  can  be 

ignored  without  loss  of  generality.  Hence  we  take 

>  0  for  all  n  >  c.  (It  follows  that  Gm>  O  for  all 
n  n 

n  >  c.)  The  chief  result  was  that  the  necessary  and 

sufficient  condition  for  (5.2)  is  that 


(5.3) 


n-1 

n 

S“1 


Wn-s  -  «<V< 


where  the  sequence  (Hn)  is  either  (GQ }  or  lgn).  We 

can  thus  confine  our  investigation  in  any  particular 
case  to  one  only  of  the  sequences  [Gn]  and  [gQ) , 

whichever  we  know  most  about.  I  also  found  sets  of 
sufficient  conditions  on  H  for  (5.3)  to  hold.  These 

D 

results  I  published  iu  [22]  and  [23],  of  which  [22]  is 
the  more  relevant  here. 
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(5.1)  occurs  In  the  equivalent  form 


(5.4) 


CD  F  /  OO  f  „ 

i .  r  J  5"  ■  o*pf  j-  xn 


in  the  enumerative  theory  of  graphs,  where  f  is  the 

number  of  connected  graphs  on  n  labelled  nodes  which 
have  a  particular  property  and  Fn  is  the  number  of 

graphs  on  n  labelled  nodes  each  of  whose  connected 
components  has  this  property.  We  have  then  found 
sufficient  and  necessary  conditions  that  almost  all 
such  graphs  should  be  connected. 

When  he  read  [22],  Dr  R.C.  Read  of  the  University 
of  the  West  Indies  wrote  to  me  pointing  out  that  my 
result  (5.3)  with  Hn  -  gQ  meant  that  the  number  of  those 

graphs  on  n  labelled  nodes  which  are  disconnected  is 
small  compared  with  the  number  of  those  which  aro 
connected  if  and  only  if  the  number  of  those  which  have 
just  two  connected  components  Is  similarly  small.  It 
is  interesting  that  my  efforts  to  get  useful  conditions 
from  an  asymptotic  and  analytic  point  of  view  should 
have  led  to  a  result  which  had  a  simple  interpretation 
in  graph  theory.  In  Read's  interpretation  the  "only 
if"  condition  is  obviously  trivial  and  it  is  the  "If" 
that  is  interesting.  This  distinction  of  depth 
shoved,  as  one  would  expect,  in  my  own  analytic 
argument , 

In  the  same  letter  Dr  Read  drew  my  attention  to 
the  relationship 

oo  oo  .  -t 

(5.5)  i  +  Et/  -  fT(l-X*)  a 

n-1  Q  k-l 
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(again  formal  if  series  and  product  diverge)  between 
t  the  number  of  connected  graphs  on  n  unlabelled  nodes 

with  a  particular  property  and  Tr  the  number  of  graphs 

on  n  uniabel led  nodes  each  of  whoso  connected  components 
has  the  same  property.  He  a^ked  if  I  could  establish 
the  conditions  under  which 

(5.6)  Tn~tn 

as  n->  oo  ,  First  I  found  that  we  could  without  loss 
of  generality  take  t.Q  >  0  (and  so  >  0)  for  all  large 

enough  n;  then  (alter  considerable  work)  that  the 
necessary  and  sufficient  condition  for  (5.6)  is  again 
(5.3)  with  the  sequence  [Hn]  either  [Tn ]  or  1 1 n } . 

This  has  the  advantage  that  all  the  work  on  conditions 
for  (5.3)  in  [22,23]  applies  without  more  ado.  My 
proofs  and  results  appear  in  Appendix  5  which  has  been 
accepted  for  publication  in  the  Journal  of  the  London 
Mathematical  Society.  The  new  result  can  be 
interpreted  in  terms  of  graphs  exactly  as  Read 
interpreted  my  earlier  one. 

Read  remarks  that  results  about  unlabelled  graphs 
are  usually  more  interesting  than  those  about  labelled 
graphs  but  also  much  more  difficult  to  obtain.  The 
truth  of  this  appeared  when  I  tried  to  find  applications 
of  my  new  result.  In  each  of  the  sets  of  sufficient 
conditions  for  (5,3)  which  I  developed  in  [22,23], 
there  is  always  one  which  requires  a  reasonably  steady 
rate  of  increase  by  (in  one  sense  or  another).  It 

appears  that,  in  the  unlabelled  graph  case,  it  may 
sometimes  be  more  troublesome  to  prove  that  this 
condition  is  satisfied  (though  it  is  very  plausible) 
than  that  the  apparently  more  stringent  conditions 
are.  Instead  of  taking  this  any  further,  however, 
at  this  stage,  I  turned  my  attention  to  a  more  general 
group  of  problems  which  I  describe  in  the  next  section. 
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Asymptotic  enumeratlve  problems  in  graph  theory 


6.  I  have  not  worked  out  fully  any  of  the  results 
(which  arc  in  any  case  preliminary)  described  in  this 
section.  In  particular,  I  have  not  constructed 
rigorous  proofs  nor  written  them  out.  One  can  never 
be  absolutely  sure  that  one  is  right  until  this  has 
been  done  and  this  section  should  be  read  with  this 
caution  in  mind.  None  the  less  the  ideas  seem 
interesting  enough  to  be  worth  reporting. 

Towards  the  end  of  the  contract  period  the  work 
described  in  §5  led  me  to  consider  the  problem  of 
relating  F^f^T^  and  tn  when  n  is  large.  As  stated 

in  §5,  I  have  already  found  ([22]  and  Appendix  5  of 

this  report)  necessary  and  sufficient  conditions  that 

F  aJ  f  and  that  T  <v  t  ,  but  I  have  now  found  that 
n  n  n  n 


(6.1) 


T  - 

n 


+  Vo-l  +  T2tn-2  + 


We  might  hope  that  this  would  give  us  an  asymptotic 
expansion  of  Tn  for  large  n  in  terms  of  . . .  > 

if  the  latter  are  in  descending  order  of  magnitude. 

This  is  only  true  if  certain  conditions  are  satisfied. 
The  succeeding  terms  in  the  expansion  do  initially 
get  smaller  but  this  may  not  persist.  The  later 
terms  are  not  all  so  simple  in  form  and  there  arc  a 
large  number  of  them.  The  point  that  the  first  term 
of  an  expansion  is  not  an  asymptotic  approximation 
merely  because  the  second  term  is  of  lower  order,  but 
only  if  the  sum  of  all  the  other  terms  is  of  lower 
order,  was  made  by  Ford  and  Uhlenbeck  [7],  but  in  their 
examples  the  result  was  in  fact  true;  their  remark  was 
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Just  a  correct  statement  of  what  constitutor  rigorous 
proof.  In  mine,  I  can  produce  a  quite  simple 
counter-example  which  shows  that  we  must  satisfy  the 
more  stringent  condition  or  our  result  may  in  actual 
fact  be  false. 

While  (6.1)  is  interesting  and  attractively  simple, 
it  is  useful  to  deduce  from  it  that 


(6.2) 


t  -  T 
n  n 


+  *lTn-l  +  *2Tn-2  + 


t 


since  we  are  more  likely  to  know  T  than  t  .  1  seem 

n  n 

able  to  find  similar  results  for  and  fft,  viz, 


-  f  + 
n  a 


Vn-1  + 


F2f n-2  +  • * • 


and  so  on. 

We  need  next  an  asymptotic  relationship  between 

F„  and  T  .  This  depends  on  a  famous  theorem  due  to 
n  n* 

Polya  [16],  developed  and  applied  by  Harury  [10], 
de  Bruijn  (Chapter  5  of  [l])  and  others;  in  its  general 
form  it  cannot  be  stated  as  simply  as  (6.1)  and  (6.2), 
but  in  special  cases  it  can  bo  used  very  effectively. 

The  interest  of  all  these  relationships  lies  in  the  fact 
that  FQ  is  usually  the  easiest  number  to  calculate  while 

fn,Tn  and  t  are,  increasingly  In  that  order,  the  more 

interesting  both  theoretically  and  for  applications. 

If  we  take  as  a  particular  example  the  simple  form 
of  graph  in  which  every  pair  of  nodes  is,  or  is  not, 
joined  by  just  one  undirected  edge  (and  there  are  no 
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M  H  / 

slings),  we  have  FQ  -  2  and  so  GQ  -  2 /n|,  where 

M  -  n(n-l)/2,  It  seems  clear  that  our  conditions  are 
satisfied  and  so  we  get  an  asymptotic  expansion  for 
f  .  I  used  Polya's  theorem  to  find  an  asymptotic 

expansion  in  the  for* 

<6-3>  Ta  -  °n  +  %Men-l  *  %M°a-2  *  ■■■  • 

where  y^n)  Is  a  polynomial  of  degree  k  in  n  which 

can  be  readily  calculated  by  my  method  for 

k  -  1,2, 3,4,...  .  The  result  n|TQcJ  2N  was  already 

known  [7]  and  a  few  weeks  ago  a  paper  by  Oberschelp 
[15]  appeared  which  gave  the  result 

n.'TQ  -  2NU-H?1(n)2“n+02(n)2“2n4O(n52~5n/2  )] 

where  0^(n)  is  a  polynomial  of  degree  2k.  (I  can  show 

that  0fc(n)  is  divisible  by  .  My  own  corresponding 

error  term  deduced  from  (6,3)  would  be  0(n62-,in)  and  I 
have  not  yet  discovered  why  Oberschelp  gives  the  larger 
one).  Using  the  expansion  of  TQ  given  by  (6.3)  in 

(6.2),  we  have  an  asymptotic  expansion  of  tQ. 

If  we  restrict  each  graph  to  have  just  p  edges, 

we  may  write  F„.„,f.T„  .  t  „  for  the  numbers 
J  np  np  np'  np 

corresponding  to  Fn,fa,TQ,ta.  It  looks  as  if  more 

complicated  results  of  the  same  kind  should  be 

obtainable  for  F__,f.__,T__,t_„,  but  I  have  not  gone 
np  np  np'  np'  D 

far  into  this  yet. 
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In  particular,  however,  if  we  take  the  same  example 

as  above  w«  have  F  *“  f  I  fend  it  is  known  [7]  that 

np  \p/  1  1 

f npfV  ^np  provided  that  p  >  n  log  n,  and  that  Polya  has 
proved  that 


(6.‘  ) 


n'T  <v  F 
*  np  np 


provided  | P— ^n|  —  0{n) .  From  this  it  can  be  deduced 
that  o!tnpA/  Fnp.  Oberschelp  has  proved  (6.4)  under 

the  wider  condition  that  jp-jN  |  4  Cn3//2  for  suitable 
C.  I  seem  to  be  able  to  do  more,  viz,  to  find  an 
asymptotic  approximation  for  the  difference  nlTnp  -  Fnp 

and  that  under  the  still  wider  condition  that 

|p-£N|  -  0(n2~  L  )  for  any  positive  £  .  But  all  this 
requires  much  more  work. 

The  previous  investigations  which  gave  firat 
approximations  to  the  Particular  examples  of  f„p,  Tnp 

and  t  „  above  were  all  undertaken  because  of  the 
np 

relevance  of  the  results  to  statistical  mechanics 
[4-7,17]  and  chemistry  [16],  The  theory  of  graphs, 
although  heavily  investigated  as  a  fascinating  branch 
of  pure  mathematics,  has  many  applications  [1],  We 
might  expect  that  the  asymptotic  theory  is  likely  to 
find  its  applications  mainly  in  mathematical  physics 
and  expecially  in  statistical  mechanics.  Since 
physicists  have  shown  an  interest  in  the  subject,  it 
would  seem  useful  to  develop  a  coherent  theory,  as 
general  and  complete  as  possible.  There  appear  also 
to  be  applications  [11]  to  the  theory  of  logical 
relations . 


21 


References  to  literature 


1.  E.F.  Beckenback,  editor  of  Applied 
Combinatorial  Mathematics  (Wiley,  New- York  1964) . 

2.  T.W.  Chaundy,  Partition  generating  functions, 
Quart.  J.  Math.  (Oxford)  2(1931),  234-240, 

3.  S.N.  Ceilings,  Number  of  arrangerents ,  Math. 

Gazette  50(1966),  287-289.  - 

4.  G.W.  Ford  and  G.E.  Uhlenbeck,  Proc,  Nat.  Acad. 
Sci.  U.S.  42(1956),  122-128. 


5. 

,  ibid., 

2C3-208. 

6, 

,  ibid.. 

529-535. 

v. 

,  ibid. , 

43(1957),  163-167. 

8.  J.W.L.  Glaisher,  Formulae  for  partitions  into 
given  elements,  derived  from  Sylvester's  theorem,  Quart. 
J.  Math.  40(1909),  275-348,  especially  283-9. 

9.  H,  Gupta,  C.E.  Gwyther  and  J.C.P.  Miller, 

Tables  of  partitions,  (Royal  Soc.  Math.  Tables  4), 
(Cambridge  1958),  especially  the  Introduction. 

10.  F.  Harary,  Trans.  American  Math.  Soc.  78(1955), 
445-463 . 

11.  _ ,  ,,  Symb.  Logic  23(1958),  257-260. 

12.  G.H.  Hardy  and  E.M,  Wright,  An  introduction 
to  the  Theory  of  Numbers,  4th  edition  (Oxford  1960), 
CEapter  19. 

13.  J.  Lehner,  Discontinuous  groups  and  automorphlc 
functions,  American  Math.  Soc.  (Providence  ft . I .  1964 ) . 


22 


14.  P.A.  Macmahon,  Combinatory  Analysis,  vol.2 
(Cambridge  1916),  213-243";  - 


15.  W.  Oberschelp,  Math,  Annalen  174  (1967),  53-78. 

16.  G.  Polya,  Acta  Math.  68(1937),  145-254. 


17.  R.J.  Riddell  and  G.E.  Uhlenbeck,  J.  Chem.  Phys. 
21(1953),  2056-2064.  - 

16.  G.J.  Rieger,  Ueber  Partitionen,  Math.  Annalen 
138(1959),  356-362.  - 

19.  J.J.  Sylvester,  On  subinvariants,  i.e.  semi-- 
invariants  to  binary  quantics  of  an  unlimited  order; 
Excursus  on  rational  fractions  and  partitions,  Amer.  J. 
Math .  5(1882),  119-136,  especially  131-2. 

20.  E.M.  Wright,  Partitions  into  k  parts.  Math. 
Annalen  142a961),  311-316. 

21.  ,  Generalisation  of  a  well-known 

partition  res'ul t .  CSpecial  Scientific  Report  Number  4, 

Contract  DA-91-591-EUC-3256) . 

22.  _ ,  A  relationship  between  two 

sequences,  Proc .  London  Math .  Soc .  17(1967),  296-304. 
(Appendix  1  to  Final  Technical  Report,  Contract 
DA-91 -591-EUC-3620) , 

23.  ,  A  relationship  between  two 
sequences  IT;  Proc,  London  Math.  Soc.  17(1967),  547-552. 
(Appendix  2  to  Final  Technical  Report,  Contract 

DA-91 -591 -EUC-3620) . 

24.  _ ,  The  generating  function  of  solid 

partitions,  Proc".' "Royal  So  \  Edinburgh  A67(1967), 

185-195,  (Appendix  3  to  Final  Technical  Report, 
Contract  DA-91-591-EUC-3620) . 


23 


T 


Appendix  1 

Rotatable  Partitions 
by  E.M.  Wright t 

[To  be  published  in  the  Journal  of 
the  London  Mathematical  Society] 

1.  In  what  follows  all  small  latin  letters  denote 
con-negative  rational  integers  or  functions  all  of  whose 
values  are  non-negative  integers.  By  a  d -dimensional 
b-restricted  partition  Y  of  n,  where  d  >  0,  b  >  0,  we 
understand  a  solution  of  the  equation. 

(1)  n-  >  y(xvx2,  .  .  .,xd), 

t  x2  f  •  • » 9 

where  every  y  ^  b  and 

y { f  x2 f  •  • « | xd )  ^  y(x^,  Xg?  •  *  *  ^ 

whenever  ^  x'  for  all  i,  We  may  take  b  «■  oo  when  we 

^ The  research  reported  herein  has  been  sponsored  by 
the  European  Research  Office,  United  States  Army. 
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shall  call  the  partition  unrestricted.  The  only  other 
case  of  importance  is  that  in  which  b  -  1;  such  a 
partition  we  call  a  unit  partition  (more  correctly,  a 
partition  into  units).  We  write  q(d,b;n)  for  the  number 
of  d -dimensional  b-restricted  partitions  of  n.  If  we 
sum  with  respect  to  xd+1,  we  see  that 

^  q(d+l,l;n)  -  q(d,oo;n). 
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2.  We  require  the  following  lemma  t 
Lemma. .  Let  p  be  a  prime  number,  d  -  p*  and  T  be  a 

transformation  such  that  Td  Is  the  identity.  If  S  ia  a 

finite  set  closed  under  T,  then  the  number  of  members  of 
S  not  invariant  under  T  is  divisible  by  p. 

Corresponding  to  every  member  s  of  S,  we  construct 
the  set  Xlf®) »  viz. 

s,Ts,T2s, .  . . ,Tc-1sf 

where  c  is  the  least  positive  integer  such  that  Tc  -  s . 

Then  c  ^  d;  let  vis  write  d  -  uc  +  v,  where  0  v  <  c. 

We  have  s  -  Tds  -  Tv(Tc)us  -  Tvs  and  so  v  -  0,  by  the 

definition  of  c.  Hence  c|d. 

Clearly  ZZCs)  C  S.  Again,  if  s'  C  )  (a),  then 
Os’)  ■  H(s);  hence  any  two  sets  ^(s^)  and  !>~ («„) 
either  coincide  or  are  disjoint.  We  have  then  all  the 
members  of  S  arranged  in  disjoint  sets  5  (s^) .  /  (Sg) ,  . . . 

If  s  is  invariant  under  T,  then  c  ■  1.  For  all 
other  s  we  have  c  >  1'  and  so,  if  d  “  p^,  p|c.  Hence  all 
the  s  not  invariant  under  T  are  arranged  in  disjoint  sets 
and  the  number  of  members  in  each  of  these  sets  is  a 
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multiple  of  p.  Hence  the  total  number  of  s  not  invariant 
under  T  ia  a  multiple  of  p, 

We  now  take  the  set  S  to  be  the  Bet  of  d-dimensional 
b-restricted  partitions  V  of  n,  and  T  to  be  the 
transformation  Y '  -  TY  such  that 

y  ( i  Xg  i  •  •  •  i  Xj  )  "  y<  Xg  i  Xg  i  « •  •  9  xd ,  Xj ) . 

The  conditions  of  the  lemma  are  clearly  satisfied.  Let 
us  call  any  partition  Y  which  is  invariant  under  T,  i.e. 
one  for  which 

i Xg » • • . » Xj)  ■  y ( Xg t Xg » • • • t x^ i Xj) 

for  all  sets  r^,Xg, . . . ,xd,  a  rotatable  partition  and  let 
q'(d,b;n)  denote  the  number  of  d-dimenslonal  b-restricted 
rotatable  partitions  of  n.  Then  our  lemma  gives  us  at 
once  the  following  theorem. 

Theorem .  I£  d  -  pt,  then 

q(d,b;n)  a  q'(d,b,n)  (mod  p) . 

We  observe  that  nothing  like  (2)  is  true  for  the  q' . 
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3.  it  lias  long  been  conjectured  that  the 
generating  function  for  q(d,oo;n),  viz. 

oo 

Qd  “  VX)  -  1  +  q(d,oo  ;  n)Xa 

v*l 

is  equal  to 

oo  _  /d+k-2\ 

R.  -  R.(X)  -  TT  <1  -  X*)  V11"1/  -  l  +  r(d, n)Xnf 
a  a  k-1 

where  takes  the  value  1  for  k-l  and  otherwise 

denotes  the  usual  binomial  coefficient.  For  d  -  1,  this 
conjecture  is  true  and  its  almost  intuitive  proof  is  due 
to  Euler  [4],  Macmahon  [5]  proved  the  conjecture  true 
for  d  -  2,  but  neither  his  proof  nor  that  cf  Chaundy  [2] 
is  at  all  simple.  Attempts  to  produce  a  direct  (i.e. 
combinatorial)  proof  for  d  -  2  have  not  got  very  far. 
Cheema  and  Gordon  [3]  found  a  combinatorial  proof  that 

oo  oo 

(1  -  X)"1  TT  (1  -  X*)”2  -  1  +  H  q(2,2; n)XD, 

k— 2  n— 1 

but  it  is  not  trivial  and  its  further  extension  looks 
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difficult.  Recently  {1}  the  conjecture  has  been 
disproved  for  4-3,  essentially  by  showing  that 
q(d,ao;6)  +  r(d,tf)  ,  The  authors  of  {1}  do  not  give  the 
details  of  the  calculation  (which  they  describe  as  "more 
tedious1'),  but  its  nature  is  clear.  They  have  also  used 
a  computer  to  calculate  q(d,l;n)  for  d  ^  8  and  a  range 
of  n. 

The  theorem  of  §2  enables  me  to  give  in  55  a  very 
simple  proof  of  the  falsehood  of  the  conjecture  for  d  -  p 
or  d  -  p  -  1.  This  theorem  might  also  provide  a  test 
for  any  other  conjecture .  When  d  is  a  prime  power,  the 
theorem  also  provides  a  simple  check  of  the  accuracy  of 
computed  values  of  q(d,l;n)  and  q(d,co;n)  for  fairly 
small  values  of  n. 

It  is  interesting  to  learn  that  Rg(X)  is  not  the 
generating  function  of  q(3,oo;n)  and  it  would  be  of  some 
interest  to  have  a  more  plausible  conjecture  as  to  what 
is  the  correct  generating  function.  But  the  case  of 
q(2,oo;n)  shows  that  it  is  unlikely  that  any  such 
conjecture  would  help  us  greatly  to  prove  what  is  the 
generating  function.  In  that  case,  our  knowledge  of 
the  generating  function  has  not  enabled  us  to  produce 
a  simple  proof  or  a  direct,  enumerative  proof. 
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In  [6]  I  showed  that  the  generating  function  for  the 
number  of  solutions  of  (1)  for  d  -  3  subject  to 

y<0,0,0)  ^  a,  yCl, 0,0)  4.  b,  y(0,lf0)  4  c  (t*a,  c*a) 

and 

y(u,v,0)  -  0  (u+v>2) 

is 

b  c 

U  WWo-V  ■ 


tt  -  TT«  - 

s-1 

Here  «*(u,v)  is  a  polynomial  in  X  whose  term  of  lowest 

i  2  3 

degree  in  X  is  of  degree  j(u-v)  +  ^(u+v)  -  1.  The 
«*(u,v)  can  in  theory  be  calculated  from  (increasingly 
elaborate)  recurrence  relations.  In  particular, 

‘’‘(^v)  -  <*(v,u)  and 

<*(0,0,0)  -  1,  <*(0,1)  -  <*(1,0)  -  -X,  *(0,v)  -  0  (v£2). 

I  am  investigating  the  next  step,  in  which  we  allow 
y(l,l,0)  to  have  positive  values,  but  the  work  is  not 
simple . 
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*'  The  value*  of  q'(d,l;n>  for  „.u„ 
of  d  and  n  can  b.  readily  e.leuUted  by  emu.er.tlng  the 
rotatable  unit  partition.  This  „  particularly  easy 

When  d  1.  a  prime ,  the  mo.,  lnt.re.tlmg  came  fro.  our 
point  of  view. 

values  of  q  fd,a>;n>  can  be  deduced  from  those 
for  q'(d.  lin')  for  n'  -  l,2 . .  „lBee  ,  rotatable 

unbounded  partition  of  n  can  be  disputed  into  suitable 
unit  partitions  of  where  n  .  J~B, 

The  values  are  given  in  the  tables.  If  p  >  3,  where 

P  is  a  prime,  we  have 

d'fp.lil)  -  q 1 (p, 1 ; p+1)  .  1,  .  J(pn)> 

q  (p.l.n)  -  0  (2<n<p,  p+2£n$2p,  2p+2$n£3p), 


Also 


q'  (p,  l;3p+l)  -  J.(p2,i)  +  t 


q  (p»oo;n)  -  1  (l^n^p), 

q  Cp,  cu  ;  n)  -  2  (p+l<n<;2p) , 

q'(p.®  ; 2p+i)  -  Jcp+s), 

q'(p,oo;n;  -  b(p+7)  (2p+2<n$3p)  , 

Q  (  p ,  oo  ;  3  p  +1 )  m,  g.(  d  +1 )  ( d  +3 )  +3, 
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5,  Here  we  compare  r(d,n)  and 

q(d(ao;n)  -  q(d+l,oo;n)  for  two  classes  of  d.  We 

<\q  odd  prime.  All  congruences  are  to  modulus  p. 

write  S.,(X)  ^  S,,(X)  to  denote  that 
x  «. 


00 


tx> 


S^X)  -  S2(X)  -  5ZanX° 


n-0 


n-2p+l 


anX 


First  let  us  take  d  -  p.  From  §4 ,  we  have 

f  1  (  Hn^p)  , 

q(p,oo  ; n)  a  q'  (p,oo ; n)  - 

,  2  ( p+l<n<2p) 


Hence 


oo 


-  1  +  5Tq(p,oo  ;n)  ^  (1  -  X)_1(l  +  XP+1)  . 


Again 


n— 1 


p+k-2  \ 
k-1  ! 


0  <k  V  1) 

1  <k  »  1) 


and 


(1  -  X*)**  -  1  -  Xpt 


take  p 
We 
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Hence 


ao 

R  ■  1  [  Cl  -  Xk)  ^  k_1 
p  k-i 


-  (  P*-2 


~  (i  -  xr^i  -  x2)~pci  -  x1541)"1 

^  (i  -  x)‘1d  -  x2p>-1a  -  xp+1)_1 

Wl  -  X)_1(l  +  X2p)(l  +  Xp+1)  ^  Qp  +  X2p 


and  so 


r<P*2p)  df  q(p,oo;2p) . 

Next  let  d  -  p  -  1.  We  remark  that 
q(d,co;n)  -  q(p,l;n)  and  that 


q(p»l;n)  -  q'(p,l;n)  - 


1  (n-1,  p+1), 

0  (2^p,  p+2^n£2p), 


so  that 


We  have 


Qd“Q  1~1+X  +  Xp+1. 


op  p+k-3 

“d  -  Vi  -  n  a  -  xV\  “-1  / 

k™l 
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It  is  easily  seen  that 


1  U  1)  , 

-1  (k  a  2), 

.0  (k  k  ^.2) 


We  have  then 

Vi(x)^(1  -  -  x2)-p+1a  _  - 

^<1  +X)(1  +  X2p)Cl  +  xp+1)Cl  -  Xp+2) 
*(1  +  X)(l  +  XP+1  -  XP+2  +  xip) 

^  1  +  X  +  Xp+1  -  XP+3  +  X2p 

and  so 


r(p-l,n)  qfe  q(p-l,oo; n) 


(n  -  p+3 , 2p) 


Table  of  g*(  d ,l;n) 
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Table  of  q'  (d,  oo  ;  n) 


n\d 

3 

4 

5 

7 

8 

9 

11 

1 

J 

1 

1 

1 

1 

1 

1 

2 

1 

1 

I 

1 

1 

1 

1 

3 

1 

1 

1 

1 

1 

1 

1 

4 

2 

1 

1 

1 

1 

1 

1 

5 

2 

2 

1 

1 

1 

1 

1 

6 

2 

2 

2 

1 

1 

1 

1 

7 

4 

3 

2 

1 

1 

1 

1 

8 
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Appendix  2 


An  identity  and  applications 
by  E.M,  Wrlghtt 

[To  be  published  in  the  American 
Mathematical  Monthly] 

1.  In  what  follows  all  small  lattr  letters 
denote  integers  positive,  negative  or  zero,  X,Y 
are  any  complex  numbers  such  that  |x|  <1.  |  Y  J  <1, 

We  write 

a 

5-0  (a<0) ,  s  -  l,  5 ■  -  FT  (l-xu)_1  (a>0) . 

_  f 

We  use  XI  to  denote  summation  over  all  u  and  XT 
u  u 

summation  over  all  u^r+s+t-k.  In  every  case  all 

but  a  finite  number  of  the  terms  vanish,  so  that 

the  sum  is  a  finite  one.  Wo  shall  prove 

t  The  research  reported  herein  has  been  sponsored 
by  the  European  Research  Office,  United  States  Army. 
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Theorea : 


xu(u-k),  ,  5  i  * 

^  ,  t  g  * — »  u’u-k  r-u  s-ut-u 

Vi/  *«+t-k5t+r-k5r-t*-k  2__  3T 


r+e+t-k-u 


"  ?r^r-kSs5s-k*t5t-k  • 


We  first  prove  two  lecmas . 

Lenrna  1  Ijf  w  >  0,  then 

sw  n  a™j)  -  e  *■<■*>'*  ^X5W_X  t* . 

The  result  is  trivial  for  w  -  1.  We  can 
establish  an  induction  with  respect  to  w,  provided 
we  can  show  that 

(i+nt"+l)  XI  xx(,+1)/2  5x5„.x  y* 

-  u-x'"1)  51  jr*(x+i  )/2  5x5.+1.x 
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The  coefficient  of  Y*  on  the  left-hand  side  ie 


xx(x+l)/2  .  5  xw+l+x(x-l)/2  -  5 

A  3x  w-x  x-1  ' 


w+l-x 


-  x,(I+l)/2  (u_x«»l-I)  +  xw+^-3t(l-X*) ) 


which  is  tbe  coefficient  of  Y*  on  the  right-hand  side, 
Lemma  2  : 


(2) 


v+w 


n  <-*> 

X 


x  xxv+x(x+l)/2 


^x\-x 


This  is  trivial  if  w  <  0  or  if  w  >  0,  v  +  w  <  O. 
We  suppose  then  that  w  >  0  and  v  +  w  0.  We  put 
Y  -  -Xv  in  Lemma  1  and  use  the  result  in  (2).  We 
find  that  we  have  to  prove  that 

w 

(3)  5V  -  5  n  (1-XJ4V)  (w  >  0,  v  +  w  £0). 
v  j-l 
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v  <  0,  ih.  iert-hind  ,id.  „BU6m.  >1bo 

1  <  -v  <  .  .„d  .»  „n.  of  th.  f Actor,  i.  the  proauct 

on  tile  right  vanishes.  If  v  i  o  /?\  . 

“  v  (3)  is  immediate 

from  the  definition  of 


By  Leona  2;  we  have 


*t-uWk~  ^r+s+t-k-u  5I<-l>ZX*(t'U)+z<z+1)/2 


5  5 

z  r+s-k-z ' 


*t*r-k  “  5r+t-kII<-1)XXXt+s'(x+1)/25  a 

*  x  r-k-x’ 


5t-k5s  "  3s+t-kH<- i)yxy(t“k)+y(y+i>/2 


5y5s-y 


”  We  “e  tilese  10  (1)'  we  find  that  it  is  enough  to 


prove  that 


^ _ }_  (-l)2Xvt  5  ?  §  §  *  * 

u  z  u  u-k  r-u5s-u^z^i 


z  r+e-k-z 


is  , 

ay  *  r-k-x  ys-y  * 


where 
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5  5  *5  vvu+v(v+1)/25  e 

5u  r-u  r^v  l'  v  r-u-v  ’ 


r  t  I  r — /  yw(s-u)+w(v'+1)/2,  * 

b-u  u-k  s-k2_-'"M  * 


v  u-k-w 


SW5zC<-l>,*VyW(V+1>/2'v!I-v-v  . 


v  z-y-v 


^*~y  V-z-k+y 


?  v—,  vw(B-y)-w(w+l)/2j  ■ 

r+e-z-k  2_  ;  w  r-z- 


k+y-w 


We  substitute  from  these  in  (4).  It  Is  then  enough 
to  prove  that  the  coefficient  of 


,  ,*v+w  ywz+v(v+1)/2-h»(w+1)/2.  *  *  i  *  t 

*  VwVr+s-z-k  rVk 


on  each  side  is  the  sane,  i.e.  to  prove  that 


y~xu(u-k-z+v-w)?  r 
/ — A  r-u-vu-k-w 


-  T“  xy<y-k-z+v-w)t  i 

hr  z-y-v  r-z-k-w+y  * 
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If  wo  put  y  -  k+z+w-v-u  in  the  Run  on  the  right-hand 
side,  it  becones  identical  with  that  on  the  left-hand 
side.  This  completes  the  proof  at  our  thaarem. 


2. 


If  a  —>  oo  ,  then 


oo 


h  ->  'a,  -  TT  d-x11)-1  , 

u-1 


the  generating  function  of  the  number  of  partitions 
of  n  into  any  number  of  parts.  If  we  let  t  — »  oo 
in  (1)  we  have  the  idontity 


<5>  5r«,-k  r*U<U-k,Vu_kVuVu  -  ^r^r-k^s^s-k  • 


If  we  let  s  — >  oo  in  this,  we  have  the  further 
identity 


(6) 


r 


Jj.U(U-k).»  J  I  C 

ii-k  r-u  r^r-k 


This  last  identity  can  be  proved  independently  by 
induction  with  respect  to  r.  it  has  an  interpretation 
in  terns  of  partition  theory,  but  I  have  not  yet  found 
a  direct  combinatorial  proof. 

We  remark  that,  if  a  ^  0,  b^O,  then 
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lim 

X-$>1 


\h 

T - 

-*a+b 


(a+b); 

*:b: 


where  0!  *  1.  Let  us  write  c  -  min(0,k)  and 
d  -  max(r,s,t).  If  c  ^  d,  we  have 


(7) 


d 


u-c 


(r*g+t-u-k) ; _ 

u! (u-k) I (r-u) I (s-u) ; (t-u) ! 


(s+t-k)  I  (t+r-k)  ;  (r+s-k)  1 
r:(r-k):s:(s-k):t:(t-k>: 


if  we  let  X  — 5>  1  In  (1).  Similarly  we  can  deduce 
from  (5)  that 


min(r,s) 


u-max(0,k)  u| (u-k) ; (r-u) \ (s-u) \ 


(rts-k) ! 

r; <r-k) ;s; (s-k) : 


Recently  Graham  and  Riordan  [1]  have  shown  that 
the  solution  of  the  recurrence  relation 


(8)  £l)  -  o  (n  *  vN)  (O^m^n) 

““  v=d  mv  y  2my 
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in  terms  of  the  undetermined  is 


(9) 


nm 


m 


51 

vm0 


2v+l 

m+v+1 


An  alternative  proof  to  theirs  would  be  to  substitute 
from  (9)  in  (8)  and  then  seek  to  prove  equal  the 
coefficients  of  on  either  side  of  the  result. 

What  is  required  readily  reduces  to  the  identity  (7) 
with  k  -  1. 

In  the  same  way,  the  solution  of  the  recurrence 
relation 


m 


nm 


_  V"  (m-v)  (m-v+1)  t  f 

2m  n+v-2m 


n 


mv/  n+v 


is 


-O. 


nm 


m 

-  E 

v-0 


(l-X2v*1);m<vtl?  Sa-vin_i-n 
^n+v^n-l-v 
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and  the  verification  of  this  reduces  to  the  identity 
(1)  with  t  -  1. 

Again  let  us  put  r  -  s  -  p  and  k  -  O  in  (1)  and 

let  X  — >  1.  We  have 


which  is,  of  course,  a  well-known  identity. 
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Appendix  3 


Stacks 

by  E.M.  Wrightt 

[To  be  published  in  the  Quarterly 
Journal  of  Mathematics] 

1.  In  what  follows  all  small  latin  letters  denote 
non-negative  integers  or  functions  all  of  whose  values 
are  such  integers.  X  and  Y  are  complex  numbers  such 
that  |X|  <1,  |  Y  |  <  1  and  sometimes  Y  — >  1.  Under 
these  conditions  all  the  questions  of  convergence  which 
arise  are  trivial  and  we  ignore  them. 

An  n-stack  is  a  solution  of  the  equation 

n  -  ZZ  z(x,y), 

x,y>l 

in  which  every  z  is  0  or  1,  z(l,l)  -  1, 


tl’he  research  reported  htrein  has  been  sponsored 
by  the  European  Research  Office,  United  States  Army, 
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(i<y^  yt) 


zU^)  “  i  -*■  z(x,y)  -  l 

and 

zCx^y) -z(x2,y)  -'1,  xi<  x2  z^x»y>  “  1  (x1<x<x2) 

The  stack  may  be  represented  by  n  nodes  arranged  at 
the  points  whose  coordinates  are  x,y  as  in  the  figure 
(ignore  the  vertical  lines,  whether  broken  or  unbroken). 
We  write  s(n)  for  the  number  of  n-stacks  and  sr(n)  for 
the  number  of  n-stacks  with  just  r  rows.  Our  object 
here  is  to  study  sr(n)  and  s(n)  and  a  number  of 
related  emimerative  functions  and  to  find  their 
generating  functions  and  certain  relations  between 
them.  Finally  we  obtain  asymptotic  approximations  to 
sr(n)  and  s(n). 

We  may  dissect  an  n-stack  with  r  rows  by  drawing 
a  line  parallel  to  the  y-axis  just  to  the  left  of  the 
left-hand  node  in  the  top  layer  (the  left-hand 
unbroken  line  in  the  figure).  The  stack  is  then 
dissected  into  two  parts.  If  the  left  hand  part 
contains  n^  nodes,  it  may  be  read  as  the  graph  of  a 
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partition  of  n^  into  not  sore  than  r-1  parts,  we 
write  pr_j<nj)for  the  number  of  such  partitions  and 

take  Pr_;i(0)  ■  pr-l^"n^  "  0  Tbe  ri«bt 

hand  part  is  the  graph  of  a  partition  of  ng  into  just 
r  parts,  shew  o2  -  n-QjSri  the  number  of  such 
partitions  is  readily  seen  to  be  p  (n„-r).  (Remove 

X*  £t 

one  node  from  each  part;  there  remains  a  partition  of 
n2-r  into  at  most  r  parts.)  The  generating  function 
of  Pr(n)  is  well  known  to  be 

r  00 

-  5  <x>  -  Tfa-xV1  -  Hpr<n>xn 

r  r  k-1  n-0  r 

(see,  for  example,  [1]).  We  write  5^-1  and 

5_a  “  0  <**»• 

We  have  then 

=ro)  -  r  »m<vp,v» 

nl+n2  D 

and  so  the  generating  function  of  sr(n)  is 
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2.  “c  write  5r<b,tfu)  for  the  number  of  n-stacks 
with  r  rows,  b  nodes  in  the  base  or  bottom  row  and  t 
nodes  in  the  top  row.  We  write  sr(.,t,n)  for  the 
number  of  n-stacks  with  r  rows  and  t  nodes  in  the  top. 
row;  similarly  s^.(b,.,n)  is  the  number  with  r  rows  and 
b  nodes  in  the  base.  Again  sr(.,^t,n)  is  the  number 
with  r  rows  and  not  less  than  t  nodes  in  the  top  row. 
Finally,  if  the  number  of  rows  is  unrestricted,  we  omit 
the  suffix  r.  Thus 

(3)  s  (b, .  ,n)  -  ZZsr(b,t,n),s(b, .  ,n)  -  Us  (b,.,n) 
r  t>l  r  r>l  r 

and  so  on. 

An  n-stack  with  r  rows,  base  b  and  top  t  may  be 
dissected  into  three  parts  L,  M,  R  as  in  the  figure  by 
drawing  the  two  unbroken  vertical  lines,  one  just  to 
the  left  of  the  left-hand  node  of  the  top  layer  and  one 
to  the  right  of  the  right-hand  node  of  the  top  layer. 
(The  broken  lines  should  be  ignored).  The  left  hand 
part  L  is  the  graph  of  a  partition  of  n^  (say)  into  not 
more  than  r-1  parts  of  which  the  greatest  is  b^  (say). 
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We  write  pr  ^(b^,n^)  for  t*1®  QU»ber  of  such  partitions 
it  is  well  known  [3]  that 

oo  oo  r-1 

+X  H  pr.1<»1.n1>T  V'-nCl-^)-1 

V1  *4  1  k  1 

The  aiddle  pert  M  contains  Just  rt  nodes.  The  right 
hand  part  R  is  a  partition  of  n2  into  not  aore  than 
r-1  parts  of  which  the  greatest  is  b2,  where 
n  «  rL^+i^  +rt  and  b  -  bj+bg+t.  We  have  then 

s  (b,t,n)  -  n  n  Pr  ,(*>«  ,11- )p  -(bjj.n;,) 

r  bj^+bj-b-t  n1+n2-n-rt  r  1  1  1  rl  1  Z 

and  so 

(4)  S  (t  ;X #  7)  -  tla  {b,ttn)^Xn 

r  b,n  r 

-  XrtYt{Pr_1(X,Y)]2 

-  XrtYt^j(l-YXk)-2. 
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We  write 


S  (X,Y)  “  JZ  s  (b,.,n)YbXn 
b,n>l  r 


and 


S(X,Y)  -  ZI  s(b,.,n)YbXn. 
b,n^l 


By  (3>  and  (4) 


(5)  S  (X, Y)  -  Zs  (t;X,Y) 

r  t^l  r 


r-1 

-  YXr  (1-YX1*) _1  ]  \  (l-YXk)“2 
k-1 


and 


(6)  S(x,Y)  -  Zs_(X,Y). 

r^l  r 
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Since  s(n)  is  the  number  of  n-staeks,  with  no 
restriction  on  base,  top  or  number  of  rows,  we  have 

s  (n)  -  IZs(b, .  ,n) 
b 

and  so 

XIs(n)Xn  -  2Zs(b5.,n)Xn  -  S(X,1). 
n  b,n 

Using  (5)  and  (6)  we  see  that  this  is  in  agreement 
with  (2) , 
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3.  By  the  definitions,  we  have 


»r(.  >  ,  n )  -  2Z"  (.  ,u,i 

<  i  VJ.  * 


w 

Sr(u;X,l)  -  Xlsr( . .u,n)Xn 


-  X*V  , 


(4).  Hence 


r —  © 

1_S  (.,^t,n)xn  -  §2  ,  S~xru  rt.  , 
a-t  r  br-l  -  X  5r  x 


^ -  GO 

(7)  Z_s(.,^t,n)Xn  -  y~XrtL  S  -  p/~  ..t. 

n-t  Vl5r  F(a,/v  ), 


whs*-e 
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so  that 


F(X 


’Y) ' 


,5rYr, 


(8) 


oo 


F(X,X)  -  S(X,1)  -  ZTs(n)Xn. 

n-1 
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4. 


Let  us  write 


Wb  -  4,<x) 


oo 


IZs(b,  .  ,n)X“, 
n-b 


so  that 


(9) 

By  (5) 


S(X,  Y)  -  H6J.Yb. 
b>l  b 


Sr+1(X,Y)(l-YX)2  -  Sr(X,YX) 
and  so,  summing  over  r,  we  have 


S(X, Y) (1-YX)2 


YX(l-YX)  +  S(X,YX). 


Substituting  from 
Yb,  we  have 


(9)  and  equaling  the  coefficients  of 
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(10) 


CJt  -  x^,  -  X2(l+X)52, 

^b'  2XUb-l  +  ^b-2  “  XH 


Fron  this  we  can  easily  calculate  that 

Uj  -  X3^3(l+X)2,  -  X4^4(l-ts)(l+2X+X3), 

6J_  -  X5§,(1+X)(1+3X+2X3+X4+X5). 

Alternatively  we  may  proceed  as  follows.  Vie 
remark  that  s(b,.,b)  -  1.  If  n>b,  we  may  remove  the 
base  b  from  the  stack.  We  are  then  left  with  a  stack 
with  base  c  (say)  which  may  have  occupied  any  one  of 
b-c+1  positions  in  the  original  stack.  Hence 

b 

a (b, .  ,n)  -  £Z(b-cirl)s(c, .  ,n-b)  (n>b), 

c-1 

which  leads  at  once  to 

b 

(J.  -  Xb(l  +  H!<b-c+l)<J  }  (b^l). 

b  c-1  c 

From  this  (10)  follows. 
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5.  From  (1)  can  find  an  expression  for  a  (n) 

r 

which  gives  us  very  easily  the  behaviour  of  sr(n)  for 
fixed  r  and  large  n.  The  method  is  closely  related 
to  that  of  [4],  We  note  that 


v-1 

r 


^r^r-l  "  fW>  I 

— v-1 


-  I  I  If  <i-f>x)A(r'v)l 

V-1  p(v) 


where  the  last  product  is  taken  over  all  primitive 
v-th  roots  of  unity  and  A(r,v)  -  [ r/v]  +[  (r-l)/v) . 
Hence  by  the  elementary  technique  of  partial  fractions, 
we  have 


XVr-l 


v- 

v-1 


Mr,v) 

L.  l—  A(r,v,p,t)(l-pX)_t 
p(v)  t-1  ' 


and  so,  by  (1) , 


r 

s_(n)  “  y~ P(r.v.n) 
v-1 
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where 


P(r,v,n) 


_ M  r,v) 

YZ  YZ  A(r,v,p,t)pn 

f(v)  t-1  r  r 

>(r,v) 

YZ  B^v.t.njn*”1 

t-1 


<n+t~l) 
n !  (T-T'l : 


and 


B(r , v  ,t  ,n)  —  YZ  C(r,vf(ott)pn. 

?<v)  '  r 

Hence  B(r,v,t,n)  depends  on  the  residue  of  n  (mod  v) 
but  not  otherwise  on  n,  We  say  that  P(r,v,n)  is  a 
-eml  pclynosla.1  i«i  u  vl  degree  A(r,v)-1  and  to 
modulus  v. 

We  observe  that  ^(r,l)  “  2r-l ,  A(r,2)  -  r-1  and 
A(r,v)  <  2r/3  for  v  >  2.  For  large  n  and  fixed  r  we 
have  then 


sr<.n;  -  *-(r,x,nl  +  0(nr~2), 
where  P(r,l,n)  is  a  polynomial  of  degree  2r-2  in  n. 
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U»iag  a  method  aloiiar  to  that  of  [4],  we  can  evaluate 
the  leading  coefficients  in  P(r,l,n>  and  we  find  that 


•r(n) 


1 

r.'(r-l): 


[*r] 

H  -n 

7T5  r 


(n+R)2r~2t 
(2r-2t) [ 


t  0(nr_1) , 


where  r>l,  R  -  ir(r+2),_ni  -  1  and 

JT  «  r(2r2+l)  ^  m  25r2(2r2+l)2+6r (6r4+10r2-l) 

2  72  '  3  259200 
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6.  Wc  cannot  deduce  the  asymptotic  behaviour 
of  s(n)  directly  from  a  knowledge  of  its  generating 
function,  at  least  in  the  fore  given  in  (2).  But  the 
results  of/3  enable  us  to  find  what  wo  want.  First 
we  remark  that 

oo 

(l-Y)F(X, Y)  -  H(5r_15r  -  'r-25r-l)Yr 


and  so 


(ID 


oo 

lie  (l-Y)F(X , Y)  «  £cs._,t 

Y-5»l  r-1  1 


*r-2  r-1' 


-  lim 
r— >oo 


5r-lSr 


where 


(12) 


oo  oo 

-  rw>-a  -  &<■>«■ 

00  k-l  n-0 


(say) . 
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Again  we  he.fe 


XYf’(x ,  y) 


Vi*** 


2_5r.15rvr(x-xr)(l-xr) 


XF(X,Y)-(1+X)F(X,XY)+F(X,X2Y) 


and  so 


X(1-Y)F(X, Y)-(1+X)F(X,XY)+F(X,X2Y)  -  o. 


Letting  Y  — >  1,  we  have 


00  <x> 

IIq(n)Xn+1-(i+X))_s(n)Xn  +  irs(.,>2,c)xn  -  o 

n*X  n-2 


by  (7),  (8)  and  (11).  Hence 


s(n  n)-ts(n)  -  q(n)+s(.  , £2 , n+1) , 
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that  is 


(13)  q(n)  -  s(n)-+e(n+l)-s(  .  ,>2,n+l)  »  s (n)  +s ( . ,  1  ,n+l) . 

Any  (n+1) -stack  with  a  top  of  one  node  can  be 
converted  into  a  unique  n-stack  by  removing  that  one 
node.  The  reverse  process  is  not  unique.  Hence 

s(n)  <  s(.,l,n+l)  <  s (n+1)  , 

the  latter  inequality  being  trivial.  Hence,  by  (13), 

2s(n)  <  q(n)  <  2s(n+l). 

From  this ,  we  have 

(14)  iq(n-l)  <  s (n)  <  $q(n) . 

If  we  wri+e 

0(n)  -  8“1(33n5)'^  exp(2iri/(n/3)  ) , 
we  have ,  as  n  — >  oo  , 
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q(n)  -  20(a)  (1+0 (n“^) ) 
by  [2],  Clearly 

0(n-l)  -  0(n)(l  +  O  (n“^) } 
and  so,  by  (14), 

s(n)  -  0(n)  [1  +0(n"^)  } 

as  n  — >  oo .  This  gives  the  asymptotic  approximation 
to  s(n). 
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7  The  essential  relation  (13)  can  be 
established  by  a  mure  direct  S  ‘  udy  of  the  n-stack. 

This  has  some  interest  in  itself.  We  remark  first 
that  5^  -  ]T^p(n)Xn,  where  p(n)  is  the  number  of 
unrestricted  partitions  of  n  and  p(0)  -  1.  Hence, 
by  (12) ,  we  have 

q(n)  -  >_  p(n1)p(nQ), 

ni+n2-n  1  2 

If  we  take  the  graph  of  any  partition  of  n^  and  the 
graph  of  any  partition  of  n2  and  arrange  them  back-to- 
back  we  have  an  n-stack,  where  n  -  n-^+ng.  This  is 
the  reverse  process  to  the  dissection  of  &  stack  in 
§1.  A  little  consideration  shows  that  any  n-stack 
with  top  t  can  be  constructed  thus  in  just  t+1  ways 
though,  of  course,  with  different  Uj^ng.  For,  in  the 

figure,  we  may  separate  the  n-stack  by  any  one  of  the 
vertical  straight  lines  (broken  or  unbroken)  into  two 
partition  graphs.  Hence 

(15)  q(n)  -  H(t+l)s(.,t,n). 

t£l 
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We  consider  again  an  n>stack  with  top  t.  We 
can  place  a  single  node  above  the  top  row  in  just 
t  ways  to  form  an  (n+l)-st&ck  with  top  1,  Nor  can  any 
one  of  these  (n+l)-stacks  be  constructed  in  this  way 
from  any  other  attacks.  Hence 


(16) 


s(. ,l,n+l) 


£Zts(.  ,t,n). 
t>l 


But  trivially 


(17)  s(n)  -  Hs(.  ,t,n) 

t^l 

and  (13)  follows  at  once  from  (15),  (16)  and  (17). 


71 


72 


References 


1.  G.H.  Hardy  and  E.M.  Wright,  Introduction  to  the 
Theory  of  Numbers,  4th  edition,  (Oxford  1960) , 

Chapter  19. 

2.  J.  Lehner,  Discontinuous  groups  and  automorphic 
functions ,  American  Math.  Soc.  (Providence  R.I.  1964), 
Chapter  9. 

3.  P.A.  Macmahon ,  Combinatory  Analysis  II, 

(Cambridge  1916),  5. 

4.  E.M.  Wright,  Math.  Annalen  142  (1961),  311-316. 

5.  F.C.  Auluck,  Proc,  Cambridge  Phil.  Soc.  47(1951), 
679-686. 


73 


Appendix  4 


Number  of  arrangements 
by  E.M .  Wright  t 

[To  be  published  in  the  Mathematical  Gazette] 

In  a  recent  article  [l]  in  this  Gazette,  Collings 
discusses  the  number  of  arrangements  of  n  railway  trucks 
on  k  sidings  under  a  variety  of  conditions.  Let  q^Cn) 
be  the  number  of  ways  of  arranging  n  indistinguishable 
trucks  on  k  indistinguishable  sidings  or,  what  is  the 
same  thing,  the  number  of  partitions  of  n  into  not  more 
than  k  parts.  Let  p^Cn)  be  the  number  of  these 

arrangements  which  use  all  k  sidings,  that  is,  the  number 
of  partitions  of  n  into  exactly  k  parts.  Collings 
describes  the  determination  of  Pk(n)  and 
unsolved  problem  in  partition  theory;  this  is  not  quite 
correct . 

It  is  convenient  to  write 

q^Cn)  -  0  (n<0),  qk<0)  “  1>  q</n)  *  0  (n^l)  .  Cl) 

+  The  research  reported  herein  has  been  sponsored  by 
the  European  Research  Office,  United  States  Army. 


qk(n)  as  an 
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It  is  easy  to  see  that  each  arrangement  of  the  n  trucks 
on  the  k  sidings  is  either  (i)  an  arrangement  which  uses 
all  k  sidings  or  (ii)  one  which  uses  not  more  than  k-1 
sidings.  Hence 

qk(n)  -  Pk(n)  +  ‘Ig-i/11)  Cn^l)  .  (2) 

Again,  if  we  consider  an  arrangement  of  n  trucks  using 
all  k  sidings  and  remove  a  truck  from  each  siding,  we 
are  left  with  n-k  trucks  on  not  more  than  k  sidings; 
the  reverse  process  holds  also.  Hence 

pk(n)  *  qR(n~k) .  (3) 

This  reduces  the  determination  of  pk(n)  to  that  of 

Qk(n> . 

Using  (3)  in  (2),  we  have 

qk(n)  -  qk(n-k)  +  qk-1(n)  (k>l,  n^l) .  (4) 

Now  let  us  write 

oo 

Qk  *  QfcW  -  5Lqk(n)xn  (k50,|x|<l).  (5) 

K  K  n-0  K 

Multiplying  (4)  throughout  by  Xn  and  summing  over  n,  we 
have 
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(k>l)  (6) 


Qk  -  X\  +  Qr_1(  Qk(l  -  Xk)  -  Qk_1 
and  so 

k 

Qk  -  TT<i  -  Xs)-1,  (7) 

k  8-1 

since  Qq  -  1.  This  result  Is  due  to  Euler  [2], 

We  Ignored  the  question  of  the  convergence  of  the 
series  in  (5).  If  we  regard  Qk  as  defined  by  (7),  it 
is  trivial  that  Qk  can  be  expanded  in  a  power  series 
convergent  for|x|<  1.  Again  this  Qk  clearly  satisfies 
(6)  and  so  the  coefficients  in  the  power  series  satisfy 
conditions  corresponding  to  (1)  and  (4)  and  can  be 
identified  with  the  qk<n) . 

While  in  theory  qk(n)  can  be  calculated  from  (5) 
and  (7),  or  indeed  from  (1)  and  (4),  for  any  k  and  n, 
this  process  docs  not  lead  to  a  simple  formula  like  those 
found  by  Collings  [l]  for  the  number  of  arrangements 
under  other  conditions. 

The  form  of  qk(n)  has  been  studied  by  Sylvester  [6], 
Glaisher  [3],  Rieger  [5]  and  in  [4]  and  [7],  Sylvester's 
and  Glaisher's  papers  are  lengthy  and  detailed.  However 
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we  can  find  out  something:  about  q^n)  by  applying  the 
well-known  elementary  technique  of  partial  fractions  to 

Qk* 

Wc  must  first  find  the  linear  factors  of  Q~*'„  Wo 


have 


1  -  Xh  -  1  F(1  -  TX)  , 


where  T  runs  through  all  h-th  roots  of  unity,  i.e.  all 

t. 

values  of  T  such  that  r  -  1,  Let  f  be  a  primitive 
h-th  root  of  unity,  i.e.  «  1  anti  pt  ^  1  for  1  t  <  h . 
Then  p  is  an  hu-th  root  of  unity  for  all  positive 
integral  u  and  so  the  factor  1  -  pX  occurs  just  [k/h] 
times  in  Q”1 .  Here  [F]  denotes  the  greatest  integer 
less  tha  -  or  equal  to  F.  Hence 


-  no  - 

s-l 


Xs) 


k 


n  no 

h-l  e<h) 


where  the  last  product  is  over  all  primitive  h-th  roots  p 
of  unity. 

If  we  split  Qk  into  partial  fractions  in  the  usual 
way,  we  have 
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fc  [k/fa] 

0^  "  X„  Z  5  A(k.h.p.tUl  _ 

*  b-i  f(b)  t-i  '  .  1 


and  so 


qk<n> 


k 

JZRfk.h^n), 


t  a 
\  u 


) 


(9) 


where 


R(k,h,n) 


[k/h] 

XZ  A(k ,  h  ,  p ,  t ) 

t-1  [ 


(n+t-1)  : 

nTU-1)! 


_  [k/h] 

XI  BCk^.p.vJn7”1 

p(hr  v-1  v 


[k/h] 

-  C(k,h,v,n)nv-1 

v-1 


and 


C(k,h,v,n) 


Ebo. 

^(h) 


h,v,n)pQ  , 
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Since  ^  m  1«  we  see  that  C(k,h,v,  n-tti)  —  C(k,h,v,n)  and 
so  C(k,hfv,n)  depends  on  the  residue  of  n  (mod  h)  but  not 
otherwise  on  n.  Hence,  for  large  n,  C(k,h,v,n)  is 
bounded  and  H(k,h,n)  -  0(n^k/h J ~b.  Hence  from  (9)  we  can 


deduce  that 


(n)  -  R(k ,  1 ,  n)  +  OCn^k^-1). 


If  h  -  1,  the  sole  value  of  p  is  1  and 


R(k,l, n)  -  ZZA(k(l,l,t) 


”  A(k ,  1 , 1 , k)  y i  +  0( n  ), 


If  we  multiply  (8)  throughout  by  (1  -  X)K  and  let  X  — >  1, 


we  have 


A(k,  1, 1 , k)  >  lira  (1  -  X)K  Q  (X)  -  l/(k ) 
X— >1  K 


Hence,  for  large  n, 


%<">  -  ITTTI 


+  0(nk~2) . 
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Thus  by  quite  elementary  reassoning  we  have  learnt 
quite  a  lot  about  qk<n),  especially  (9),  (10)  and  (11), 
The  last  result  can  be  improved  substantially  with  enough 
labour;  in  fact  (see  [7]) 


qk(n) 


(n+K)k_1 

kT(k-l')T 


(k+l)(2k+l)(n-HOk‘3 

iORTTk-l') (k-2) 


+  0(nk“5) 


if  k  ^  7  and  K  »•  £k(k+l)  .  For  smaller  values  of  k  the 
exact  form  of  qk(n)  can  be  readily  determined  by  partial 
fractions.  Detailed  results  are  given  in  [4], 
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Appendix  5 


A  relationship  between  two  sequences  III 
by  E,M .  Wrightt 

[To  be  published  in  the  Journal  of 
the  London  Mathematical  Society] 

1.  In  an  earlier  paper  [2]  we  studied  two  sequences 
(gnK  IG  }  whose  relationship  was  defined  by 

92_  /  co 

(1.1)  1  +  XZgx11  -  exp  f  XT  8nXn 

n=*l  n  \  n-1 

(to  be  interpreted  formally  if  the  series  diverge  for  all 
non-zero  X)  or  by  the  equivalent 

n-1 

(1.2)  uGQ  -  ngQ  +  XZsgsGn_s  . 

s— 1 

(1.1)  and  (1.2)  holds  good  when  n!gn  is  the  number  of 

tThe  research  reported  herein  has  been  spcisored 
by  the  European  Research  Office,  United  States  Army. 
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connected  graphs  on  n  labelled  nodes  with  a  particular 
property  and  n'.Gn  Is  the  number  of  graphs  on  n  labelled 
nodes  each  of  whose  connected  components  has  that 
property.  See,  for  example,  Gilbert  [1]. 

In  { 2]  I  took  gn  >  0  and  studied  conditions  under 

which 

<1.5)  Gn  ~  gn 

as  n  — $>  co  .  We  found  that,  without  loss  of  generality, 
we  could  assume  that  gn  >  0  for  all  sufficiently  large  n. 
The  divergence  of  the  power  series  in  (1,1)  for  all  non¬ 
zero  X  was  a  necessary  condition  for  (1.3).  An  example 
showed  that,  even  when  combined  with  a  condition  of 
reasonably  steady  increase  of  gn,  this  was  not 
sufficient.  A  necessary  and  sufficient  condition  for 
(1,3)  was  that 

n-1 

<1-4)  ChsV3-„(V 

S“1 

as  n  — >  oo  ,  where  the  sequence  (Hn)  is  either  (G^}  or 
(gn).  The  advantage  of  (1,4)  is  that  we  need  information 
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about  only  one  of  the  sequences  (Gq>  (eu).  In  [2]  I 
found  two  sets  of  sufficient  conditions  on  the  rate  of 

I 

growth  of  Hq  for  (1.4)  to  be  true.  In  [3]  I  studied  a 
further  necessary  condition  (given  that  Hn  satisfies  a 
condition  of  fairly  smooth  growth)  and  showed  that  it  was 
not  sufficient.  The  gap  between  these  necessary  and 
sufficient  conditions  was  now  not  great. 

When  Dr  R.C.  Read  read  [2]  he  wrote  to  ask  me 
whether  I  could  find  conditions  that 

(15)  T  ru  t 

'  •  '  n  n 


as  n  — »  oo  ,  where 


oo  oo  , 

(1.6)  1  +  XI  T  Xn  -  TT  (1  -  X  )  k 

n-1  n  k-1 

(again  interpreted  formally  if  the  series  and  product 
diverge) .  Here  t  is  the  number  of  connected  graphs  on 
n  unlabelled  nodes  with  a  particular  property  and  TQ  is 
the  number  of  graphs  on  n  unlabelled  nodes,  each  of  whose 
connected  components  has  that  property.  I  show  here  that 
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the  necessary  and  sufficient  conditions  on  [T  J  and 
{tQ}  are  precisely  the  same  as  those  on  (Gn 3  and  £gn). 
This  means  that  all  the  results  about  (1.4)  in  [2,3] 
apply  to  the  new  problem. 

Dr  Read  pointed  out  that,  if  we  take  -  gQ,  (1.4) 
has  the  following  meaning.  The  number  of  graphs  on  n 
labelled  nodes  which  are  disconnected  -s  sm;  11  compared 
with  the  number  which  are  connected  if,  and  only  if,  the 
number  of  them  which  have  just  two  connected  components 
is  similarly  small.  My  result  here  extends  this 
statement  to  the  graphs  on  unlabelled  nodes. 


85 


a.  We  suppose  tQ  'Z-  0  for  all  n.  Differentiating 
(1,5)  logarithmically,  we  have 

SI  ° Vn  _  v-  »y” 

1+  Ft  Xn  ^  i-xn 


OO  00  OO 


where 


(2.1) 


EV„ 


-  E 

mis 


mt 


m 


Hence 


£«V 

n-1 


Hbv  Xs 
s-1  8 


OO  \ 

‘^J 


and  so 


(2.2) 


nT  - 
n 


nv. 


n-1 

Esv 

s-1 


T 

s  n-s 


This  relation  (2.2)  between  (Tq)  and  (v n )  is  the  same  as 
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(1,2)  between  (G  1  and  {g  1 .  We  use  this  fact  in  what 
n  u 

follows.  It  follows  fro*  (2,1)  and  (2.2)  that 


(2.3) 


r  <  T  . 
n  ^  n 


We  prove  first  the  following  theorem 

Theorem  1.  Lf  Tn  ■  0  for  an  infinite  sequence  of  n, 

then  t  “  0  except  when  n  Is  a  multiple  of  some  d  >  1. 

Let  ua  suppose  the  condition  satisfied.  Then, 

since  (2.2)  is  equivalent  to  (1.2),  Theorem  1  of  [2] 

tells  us  that  there  is  a  d  >  1  such  that  vft  ■  O  if  d^n. 

Since  t  >  0  for  all  o,  it  follows  from  (2.1)  that 

tn  -  0  if  d^n.  This  is  our  theorem. 

If  the  condition  of  Theorem  1  is  satisfied,  but  T„ 

n 

does  not  vanish  for  all  n,  let  us  take  d  to  have  its 
largest  possible  value.  (1.6)  becomes 


m-l  do 


that  is 
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There  cannot  now  be  an  infinity  of  zero  TdB,  since 
otherwise  we  could  apply  Theorem  1  again  and,  in  ac 
obvious  way,  find  ft  contradiction  to  the  hypothesis  that 
d  has  its  largest  possible  value.  Henoe  there  is  no 
loss  of  generality  if  we  suppose  TQ  >  0  for  all 
sufficiently  large  n.  We  shall  therefore  suppose  that 

(2.4)  tn  >  0  (n3«> 

since  otherwise  T  ^  t  is  clearly  impossible. 

n  n 

In  what  follows  we  write  K  for  a  positive  number, 
not  always  the  same  at  each  occurrence,  independent  of  n. 
We  use  KltK2  for  fixod  numbers  of  the  sane  kind. 
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1 


3.  We  prove  next  our  aaln  theore*. 

Tfag  necessary  and  sufficient  condition 


that  Tn  tQ  ia  that 


n-l 


where  the  aequence  [H  }  is  either  (T  1  or  It  ) 

n  — - *  n'  —  '  oJ  • 

We  have  to  prove  that 


T  o-'  t 
n  n 


is  equivalent  to 

n-l 

and  also  to 

£ltatn-s  “  °(tn)- 

In  the  course  of  the  argument  we  shall  consider  also 
the  logical  standing  of  the  statements 


(2>) 

T  ^  v  , 
n  n  ' 

(i  ) 

V  sU  t  , 

n  n 

(3) 

n-1 

'  °<VnJ 

By  (2.3),  we  see  that 


A  4-*>  SD  +  -it  . 

Again  the  relationship  (2.2)  between  [T  J  and  fv  )  is 

n  n 

the  saae  as  (1.2)  between  (Gn)  and  (gQ).  Hence 

■ft 

by  the  result  of  [2]  quoted  in  $1  of  this  paper.  We 
shall  prove  below  that 


(3.1) 

— *>  -&  , 

(3.2) 

3  <*-*  A  . 
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Using  these,  we  hive 


A  -*>£  — -6  ,-Q  A. 

A  — ?» £  *"?>  U ,  h  —s*-  — *>J5  + 1  — 1>  A  , 


Hence 


“ft  <“■>»  A  <-4>  ^ 


and  this  is  Theorem  2. 

It  remains  to  prove  (3.1)  and  (3.2).  We  start 
by  assuming  ,  Let  b  be  the  leaBt  integer  such  that 
vb  >  O.  By  (2.3)  and  (2.4),  vn  >  0  when  n  ^  c.  Then » 
for  n  >  b  +  c,  we  have 

vn-b  >  °»  vbvn-b  "  °(vn)>  vn^vn-b  >  00 
as  n  — >  cd  .  Hence  vR  —>  ao  .  Again 

min  v  >  K- . 
s£c  8  1 

Hence,  if  n  >  2c,  we  have  by  (2,1)  and 
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V  -  V„  ^ 

n  n 


a<n/2  m<n/2 


vm  * 


XZ  v’mv„  m  u v  v  5  i 

1  _tr—/n  B  O-B  n 


m^n/2 


which  is  'i  ,  By  this  and  (2.3) 


n-1  n-1 

CtHtn_„  «$  Cv.v_  -  o(va)  -  o(t„>. 


S-l  8  8  “'8 


which  is  h  .  Hence  we  have 


It  remains  only  to  prove  that  Jb  ■>*»  ^  .  Assume  ^ 

true.  We  deduce  from  ^  just  as  we  deduced  from 

%  above ,  so  that  we  have  v_  ^  t  .  Hence 
~  an 


(3.3) 


^  ^  KtQ 


(u>  c  )  . 


We  now  write 


n-1 


c-1  d-c  n-1 


XT  v8vc_a  -  II  +  Z_  +  H  ”  J1  +  J2  +  J3 

s™1.  s-1  s-c  s-n-c+1 

(say).  By  ^  and  (3.3),  we  have 


a-c 


n-c 


J„  -  5v _v  <  k)  t  t  -  o(t  ) . 

mj  _ — —  s  n— s  * — -  o  u—s  n 


s*»c 


8“C 
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If  u  2c-.  then  by  (2.1)  and  (3.3) 


J, 


-  H 

s<c 


V  V 
a  n-s 


s<c 


vstn-s 


-  K 


8<C 


2_ 

mis 


t  t 
m  n-B 


-  K 


II 

mk<c 


Now  let  1  <  m  <  mk  <  c.  We  write  Kg  for  the  least 

non-.'sero  value  of  t  ,  unless  every  t  -  0.  in  which  case 

rx  id 

we  write  Kg  “  1.  By  , 


tmtn-uk  “  o(tn~mk-nn  tmtn-mk  "  o(tn)» 


t  t  , 
u,  n-mk 


Kg"k  o(tQ). 


We  have  then 


’  J1  <  K  JJL'.W  <  °‘VjL 


mk<c 


mk<c 


“a"*  -  °<V- 


Hence 


n-1 

^vBVn-a  -  J1  *  J2  +  J3  *  °<V  “  °(vn> 


and  this  is  ii* . 


93 


4. 


Theorem  3.  A  necessary  condition  for  (1.5) 


la  that  either  aide  of  (1,6)  diverges  for  all  non-zero 
X. 

In  this  paragraph  the  words  "for  all  non-zero  X" 
are  understood  after  every  use  of  the  word  "divergence". 

By  Theorem  2  of  [2]  the  divergence  of  XZGQXn  and  of 

_ gQXn  is  a  necessary  condition  for  (1.3).  But  (1.3) 

is  equivalent  to  (1,4)  with  (Gn)  or  (gQl  for  {h  ) .  Hence 

(1.4)  implies  the  divergence  of  XZHnXn  and  so,  by  Theorem 

2  of  this  paper,  (1.5)  implies  the  divergence  of  }  TQXn 

and  of  Y~ t^Xn.  Finally  the  divergence  of  5~~ t  Xn  implies 

the  divergence  of  the  product  on  the  right  hand  side  of 

(1.6). 
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